Abstract. Let X be a (smooth) projective spherical G-variety. We give a combinatorial description of the subalgebra of the cohomology ring H * (X, Q) generated by H 2 (X, Q), in terms of the volume of polyhedra. This generalizes the Khovanksii-Pukhlikov description of the cohomology ring of toric varieties. In particular, we obtain a unified description for the cohomology rings of the flag variety G/B and toric varieties.
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3 Subalgebra of Cohomology Generated by H 2 (X, Q) 6 3.1 Poincare Duality for the Subalgebra Generated by H 2 (X, Q) . shown that the cohomology ring of a (smooth) projective spherical variety, in general, is not generated in degree 2 (for example the Grassmanian of 2-planes in C 5 ). In this note, using Brion's (and Okounkov's) formula for the degree, we give a description of the subalgebra of the cohomology ring of a (smooth) projective spherical variety generated by 2-cocycles in terms of the volume of polyhedra. This is the direct generalization of KhovanskiiPukhlikov description of the cohomology ring of projective toric varieties.
As a minor but interesting observation in the course of the work, we show that the moment polytope is additive. More precisely, let µ(L) denote the moment polytope of X in the embedding given by a very ample G-line bundle L. Let L 1 and L 2 be two very ample G-line bundles over X. Then µ(L 1 ⊗ L 2 ) = µ(L 1 ) + µ(L 2 ), where the summation in the right-hand side is the Minkowski sum of convex polytopes. It then follows that the Okounkov's polytope ∆, defined when G is a classical group, is also additive. That is if L 1 and L 2 are two very ample G-line bundles over X and ∆(L 1 ) and ∆(L 2 ) the Okounkov polytopes for the corresponding embeddings of X, then
From the Bruhat decomposition, flag varieties are spherical. It is known that the cohomology ring of the flag variety G/B is generated in degree 2. When G is a classical group, our theorem gives a description of the cohomology ring of the flag variety G/B in terms of the volume of the Gelfand-Cetlin polytopes. It is interesting to note that this way, we obtain similar descriptions for the cohomology rings of toric varieties and the flag variety G/B. It is possible, but non-trivial, to derive the usual description of the cohomology ring of G/B (due to Borel) from our description.
This note is closely related to the work of Guillemin and Sternberg in [GS] .
we will apply this theorem to the subalgebra of the cohomology algebra of a (smooth) projective variety generated by 2-cocycles. This theorem is not new and is implicit in the work of Khovanskii-Pukhlikov (see [Kh-P] (
Let {a 1 , . . . , a r } be a basis for A 1 and x 1 , . . . , x n the coordinates with respect to this basis. Let P : A 1 → k be the polynomial defined by P (x) = x n ∈ A n ∼ = k, ∀x ∈ A 1 . Then A, as a graded algebra, is isomorphic to the algebra k[x 1 , . . . , x r ]/I, where I the ideal defined by
where f (
) is the differential operator obtained by replacing
Proof. It is straight forward to see that I is indeed an ideal of k[x 1 , . . . , x r ]. Next, consider the surjective homomorphism Φ : k[x 1 , . . . , x r ] → A given by f → f (a 1 , . . . , a r ), where in the righthand side f is regarded as a polynomial in A. We wish to prove that ker(Φ) = I. Note that from the definition, both I and ker(Φ) are generated by homogeneous elements. From the definition of the polynomial P we have:
be a homogeneous polynomial of degree n. One can see that
Thus f (
be a homogeneous polynomial of degree m < n. Suppose f (a 1 , . . . , a r ) = 0. By assumption (ii), there exists a homogeneous polynomial g(x 1 , . . . , x r ) of degree (n − m) such that g(a 1 , . . . , a r )f (a 1 , . . . , a r ) = 0. Since gf is a homogeneous polynomial of degree n, by what we proved, (gf )(∂/∂x 1 , . . . , ∂/∂x r )· P = 0 which implies that f (
We can write the above expression as
which shows that f ∈ I. Hence we prove that ker(Φ) = I and thus
In Section 3.5, we will apply this theorem to a cohomology subalgebra of a (smooth) projective variety X with no odd cohomology. We take A to be the subalgebra generated by H 2 (X, Q). For each i, the i-th graded piece
3 Subalgebra of Cohomology Generated by H 2 (X, Q)
Let X be a (smooth) projective spherical G-variety of dimension n, where G is a connected complex reductive group. We recall that X is spherical if it is normal and a Borel subgroup of G has a dense orbit in X. In this section we apply Theorem 2.1 to H * (X, Q) to obtain a description of the subalgebra A of H * (X, Q) generated by H 2 (X, Q).
3.1 Poincare Duality for the Subalgebra Generated by
Let X be a (smooth) projective variety of dimension n over C and no odd cohomology. In this section, we show that the subalgebra A of the cohomology generated by H 2 (X, Q) satisfies the Poincare duality. More precisely, let
Suppose X is a subvariety of a (smooth) projective variety Y of dimension m over C and no odd cohomology. Let i : X ֒→ Y denote the inclusion map. The following lemma shows that the image of the cohomology algebra of Y in X satisfies the Poincare duality.
) satisfies the Poincare duality, that is the cup product pairing
. The Poincare duality for Y then implies that σ ∩ [X] = 0. Hence i * (σ) = 0, which proves that the above paring is non-degenerate.
It remains to show that X can be embedded in a (smooth) projective variety Y such that the image of the cohomology of Y in X is the cohomology subalgebra generated by H 2 (X, Q). Choose very ample line bundles L 1 , . . . , L r over X such that c 1 (L 1 ), . . . , c 1 (L r ) is a vector space basis for H 2 (X, Q), where c 1 denotes the first Chern class. Each L i gives rise to an embedding φ i : X ֒→ P(V i ), where V i is the finite dimensional vector space of sections of L i . Let
Using the φ i , we get the diagonal embedding:
Since Y does not have odd cohomology, by Künneth formula we have:
and hence
i.e. the image of the cohomology of Y in X is the same as the subalgebra generated by H 2 (X, Q). After applying Lemma 3.1 to φ : X ֒→ Y , we obtain: Proposition 3.2. Let X be a (smooth) projective variety of dimension n over C and no odd cohomology. The subalgebra A of H * (X, Q) generated by H 2 (X, Q) satisfies the Poincare duality, i.e. for any 0 ≤ i ≤ n, the cup product pairing
is non-degenerate, where A i ⊂ H 2i (X, Q) denotes the i-th graded piece of A.
Degree of a Spherical Variety
Let X be a (smooth) projective spherical variety and L a very ample G-line bundle on X giving rise to an embedding X ֒→ P(V ), where V is the finite dimensional G-module of all the sections of L. In this section we state a nice combinatorial formula due to Brion for the degree of X in P(V ). It generalizes the famous Kušnirenko-Bernstein theorem on the degree of toric varieties (see [BKK] ). Before stating the result, we need a bit of notation. Fix a Borel subgroup B for G with a dense orbit . Let T be the maximal torus contained in B and t (respectively t * ) be the Lie algebra of T (respectively dual of the Lie algebra of T ). Equip X with the symplectic structure obtained by the restriction of the symplectic structure of P(V ) given by the Fubini-Study form. Let µ(L) denote the moment polytope of X. Recall that the moment polytope is the intersection of the image of the moment map with the positive Weyl chamber for the choice of B. Denote by R + the set of positive roots defined by the choice of B. Also, let dγ be the Lebesgue measure on t * normalized so that the cell of the weight lattice has volume 1.
and ρ is half of the sum of positive roots.
Gelfand-Cetlin Polytopes, Newton Polytope and Degree of a Spherical Variety
Let G be a classical group over C and X a (smooth) projective spherical Gvariety of dimension n. In this section, following [Ok] we associate a polytope ∆ to a G-variety X ֒→ P(V ), where V is a finite dimensional G-module. In [Ok] , as a corollary of a theorem of Brion, it is shown that the polytope ∆(X) has the property that the Hilbert polynomial of the variety X coincides with the Ehrhardt polynomial of the polytope ∆(X). In particular, deg(X) in P(V ) is equal to n!Vol(∆(X)). We call ∆ the Newton polytope of X ֒→ P(V ).
We start by recalling the Gelfand-Cetlin polytopes. To each dominant weight λ of G, there corresponds a Gelfand-Cetlin (or briefly G-C) polytope ∆ λ . The convex polytope ∆ λ has the property that the number of integral points in ∆ λ is equal to the dimension of the irreducible G-module V λ with highest weight λ. The dimension of the Gelfand-Cetlin polytope is equal to the complex dimension of the maximal unipotent subgroup U of G, i.e. 
Following [GC] , we recall the construction of G-C polytopes for GL(n, C). For the construction of G-C polytopes for the symplectic group and the orthogonal group see [BZ] .
Definition 3.4 (G-C polytope for GL(n, C)). Let λ = (λ 1 ≥ · · · ≥ λ n ) be a decreasing sequence of integers representing a dominant weight in GL(n, C). The G-C polytope ∆ λ is the set of all real numbers x 1 , x 2 , . . . , x n−1 , y 1 , . . . , y n−2 , . . . , z, such that the following inequalities hold:
If the components of the weight λ are real, we still can define ∆ λ by the above inequalities. So we can extend the definition of ∆ λ to all real λ. Proof. The proof is immediate from the definition in each of the three cases of classical groups. Now, let X ⊂ P(V ) be a (smooth) projective spherical G-variety and µ(X) its moment polytope. As before, let Λ denote the weight lattice and Λ Q ⊂ t * the real vector space spanned by Λ.
Definition 3.6 (Newton polytope of a spherical variety). Define the
From Lemma 3.5, it follows that ∆(X) is a convex polytope.
Proposition 3.7 (See [Ok] ). With notation as above, deg(X) in P(V ) = n!Vol(∆(X)).
Additivity of the Moment Polytope
Let X be a (smooth) projective (spherical?) G-variety. Let L be a very ample G-line bundle over X and i : X ֒→ P(V ) the corresponding embedding, where V is the finite dimensional G-module of the sections of L. Let µ L : X → g * (respectively µ(L)) denote the moment map (respectively moment polytope) of X explained in the beginning of 3.2. In this section we wish to show that the moment polytope µ(L) depends on L additively. That is, the moment polytope of the tensor product of two line bundles, is the Minkowski sum of the moment polytopes. Let S be the semi-group of the very ample G-line bundles over X with respect to tensor product. In this section we wish to prove the following:
where the addition in the left-hand side is the Minkowski sum of the convex polytopes.
Proof. Let V be finite dimensional G-module and X ֒→ P(V ) a G-equivariant embedding of X. Fix a maximal compact subgroup K for G and let k (respectively k * ) denote the Lie algebra of K (respectively dual of the Lie algebra of K). Choose a K-invariant Hermitian product , on V . The moment map µ : P(V ) → k * for the Hamiltonian action of K on P(V ), and in particular X, is defined by
Now, let X ֒→ P(V i ) be the embeddings corresponding to the L i . It can be shown that the line bundle defined on X by restricting the universal subbundle on P(
Hermitian products on V 1 and V 2 . They define a Hermitian product on V 1 ⊗ V 2 by defining
Let µ i , i = 1, 2 (respectively µ) denote the moment map for the action of
denote the corresponding moment polytopes. From the above, we have the following for these moment maps:
Now we consider the situation in Section 3.3. Let G be one of the classical groups GL(n, C), SP (2n, C) or O(n, C). Let X be a (smooth) projective spherical G-variety. Let L be a very ample G-line bundle on X. Denote by ∆(L) the Newton polytope of X and L, defined in Definition 3.6.
Corollary 3.9. Let X be a projective spherical G-variety and
Proof. For a dominant weight λ, from Lemma 3.5, the dependence of the G-C polytope ∆ λ on λ is linear. The corollary now follows immediately from Theorem 3.8 and the definition of ∆(L).
Main Theorem
As before, let X be a (smooth) projective spherical variety of dimension n. We want to combine the above formulae for the degree (Theorem 3.3 and Proposition 3.7) and Theorem 2.1 to give a description of the subalgebra A of the cohomology generated by the 2-cocycles.
In Theorem 2.1, let k = Q and A be the subalgebra of the cohomology generated by 2-cocycles. We take A i , the i-th graded piece of A be A ∩ H 2i (X, Q). Since X is (smooth) projective and has no odd cohomology, by Theorem 3.2, A satisfies the conditions in the statement of Theorem 2.1. Let P (x) = x n , x ∈ A 1 = H 2 (X, Q), be the homogeneous polynomial of degree n in Theorem 2.1.
It is known, by the theory of Bialynicki-Birula (see [BB] ), that X has a paving by the affine spaces and hence H 2 (X, Z) ∼ = Pic(X). Let S denote the set of all very ample line bundles on X. It is a semi-group in Pic(X) and generates H 2 (X, Q) as a vector space. It suffices to know the polynomial P on S. Also, let S ′ denote the set of all very ample G-line bundles on X, that is, S ′ is the set of all (L, ρ) where L is a very ample line bundle on X and ρ is a linear action of G on L compatible with the action of G on X. It is known that for any line bundle over X, the action of G on X can be lifted to a linear action of G on L (not necessarily in a unique way). Thus, one has a surjective homomorphism π from S ′ to S. Let (L, ρ) be a very ample G-line bundle. Let X ֒→ P(V ) be the corresponding embedding of X, where V is the G-module of all the sections of X with the G-action given by ρ. From Theorem 3.3, we have
where f : t * → R is the function defined in Theorem 3.3. When G is a classical group, from Proposition 3.7, this takes the simpler form
Recall (Corollary 3.9) that the map L → ∆(L) from the semigroup of very ample line bundles to the semigroup of convex polytopes is additive. Now the above formula for P means that the homogeneous degree n polynomial Theorem 4.1 (Khovaksii-Pukhlikov, [Kh-P] 
where P (x) is the homogeneous polynomial of degree n on V defined by
for a polytope ∆ ∈ V.
One can recover the usual description of the cohomology ring of a toric variety by generators and relations, due to Danilov-Jurkiewicz, from the above theorem (see [Timorin] ).
Cohomology Ring of the Flag Variety G/B
Let G be a classical group and B its standard Borel subgroup. In this section, we obtain a description of the cohomology ring of G/B, similar to the description of the cohomology ring of toric varieties, using Theorem 3.10.
Let t * denote the dual of the Lie algebra of the maximal torus T ⊂ B. Let Λ ⊂ t * be the weight lattice and t * + the positive Weyl chamber for the choice of B. For every weight λ, let V λ be the irreducible representation with highest weight λ.
Let X = G/B and n = dim(X). If λ is in the interior of the Weyl chamber, one can embed the flag variety G/B in P(V λ ) via the orbit of a highest weight vector. Let L λ denote the line bundle on G/B obtained by restricting the universal subbundle of the projective space P(V λ ) to G/B. It is known that the map λ → L λ extends to an isomorphism of Λ and Pic(G/B), and consequently an isomorphism of t * and H 2 (G/B, Q). It is also known that H * (G/B, Q) is generated in degree 2. Hence we conclude that H * (G/B, Q) is generated by c 1 (L λ ) where λ is in the interior of the Weyl chamber. Recall that deg(G/B) ֒→ P(V λ ) is equal to n!Vol(∆ λ ), where ∆ λ is the Gelfand-Cetlin polytope of λ. Note that from Lemma 3.5, the map λ → ∆ λ is linear. From Theorem 3.10 we have the following description of the cohomology ring of X: Theorem 4.2. Let G be a classical group over C and r = rank(G). With notation as above we have: the cohomology algebra H * (G/B, Q) is isomorphic to the algebra Q[x 1 , . . . , x r ]/I, where I is the ideal defined by I = {f (x 1 , . . . , x r ) | f ( ∂ ∂x 1 , . . . , ∂ ∂x r ) · P = 0}, and P is the homogeneous polynomial of degree n on t * defined by
for any λ in the interior of the Weyl chamber.
It is interesting to note the similarity between this description of H * (G/B, Q) and the description of the cohomology ring of toric varieties (Theorem 4.1).
Remark: We would like to point out that it is possible but non-trivial to derive the usual description of the cohomology ring of the flag variety G/B due to Borel, from the above theorem. According to Borel's theorem H * (G/B, Q) is isomorphic to Q[x 1 , . . . , x r ]/J where J is the ideal generated by the W -invariant polynomials of positive degree and W is the Weyl group. The above theorem in fact asserts that I = J, i.e. a polynomial f is in the ideal generated by the W -invariant polynomials of positive degree if and only if f ( ∂ ∂x 1 , . . . , ∂ ∂xr ) · P = 0. Even in the case of G = GL(n, C) it is not trivial.
